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^ ! 1 Introduction 

^D ■ The theory of one- and multi-parameter approximate transformation groups was initiated by 

,^ ! Ibragimov, Baikov, Gazizov ^ E] . They introduced the notion of approximate Lie-Backlund 

Mh| symmetry of a partial differential equation with a small parameter e and develop a method, which 

,^ ■ allows to construct approximate Lie-Backlund symmetries of such an equation (a perturbed 

C^ , equation) in the form of a power series in e, starting from an exact Lie-Backlund symmetry of 

the unperturbed equation (for e = 0). Similar ideas were suggested independently by Fushchych 

and Shtelen (see, for instance, jHI and the bibliography therein). The main purpose of this paper 

is to extend these methods to approximate nonclassical Lie-Backlund symmetries. 

Nonclassical symmetries appeared for the first time in the paper by Bluman and Cole in 
C^ ' 1969 [2] ■ Since then this theory was actively developed in papers of: Olver and Rosenau [3] (non- 

classical method), Clarkson and Kruskal H] (nonclassical symmetry reductions (direct method)), 
Fushchych's school ([2| and the bibliography therein) (conditional symmetries and reductions of 
partial differential equations) , Fokas and Liu jHI (the generalized conditional symmetry method) , 
Olver ^ni (nonclassical and conditional symmetries). Nonclassical Lie-Backlund symmetries for 
evolution equations were considered in the paper by Zhdanov [Jj. This paper also contains 
a theorem on reduction of an evolution equation to a system of ordinary differential equations. 
The notion of nonclassical Lie-Backlund symmetry is a very wide generalization of the notion of 
point symmetry. Nevertheless, in many cases, nonclassical Lie-Backlund symmetries enable to 
construct differential substitutions, which reduce a partial differential equation to a system of 
ordinary differential equations. This fact is used for finding new solutions of partial differential 
equations, which cannot be found with the help of the classical symmetry method. 

The method of approximate conditional symmetries for partial differential equations with 
a small parameter was suggested by Mahomed and Qu |H] (point symmetries), Kara, Mahomed 
and Qu (potential approximate symmetries) |Hj. In this paper we develop the method of approxi- 
mate nonclassical Lie-Backlund symmetnes. In ^, Baikov, Gazizov and Ibragimov constructed 
approximate Lie-Backlund symmetries of the Korteweg-de Vries equation ut = uux + £Uxxx, 
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starting from exact symmetries of the transport equation Uf = uUx- In this paper, we extend 
this construction to approximate nonclassical Lie-Backkmd symmetries. 

We will consider a particular class of evolution partial differential equations with a small 
parameter given by 

ut = UUx + eH{t,x,u,Ux,Uxx,---)- 

This class contains both integrable and nonintegrable equations. We consider such equations 
as perturbations of the transport equation ut = uUx and construct approximate nonclassical 
symmetries of these equations, starting from exact nonclassical symmetries of the transport 
equation. Using these approximate nonclassical symmetries and the reduction theorem, we 
find approximate conditionally invariant solutions of equations under consideration. As an 
example, we find approximate solutions of the KdV equation with a small parameter and of 
some nonintegrable equations. 

2 Nonclassical Lie— Backlund symmetries 

Recall the definition of classical Lie-Backlund symmetries (here we will consider symmetries 
given by canonical Lie-Backlund operators): 

Definition 1. An operator 
where 

S> — S> V'') ''^J ^) ^X; Uxxi • • -ji 

will be called a classical Lie-Backlund symmetry for a partial differential equation of evolution 
type 

Ui r (t, X,U, Uxi Uxxi • • •ji 
if 

X{ut-F)l^^^ = 0. (1) 

Here Dx and Dt are the total differentiation operators: 

^x — C/x I CluUx 1 Ou^Uxx ~r Ou^^Uxxx ~v ' ' ' i 

Dt = dt + duUt + du^Uxt + du^^Uxxt H , 

Dxx = D^ = Dx{Dx)i Dxxx = D^ = Dx{Dxx) etc. The equation (^ is the determining equation 
for Lie-Backlund symmetries. 

Definition 2. An operator 

X = r^^ + (DxV)^ + (Ar?)^ + (A.r?)/- + • • • , (2) 

OU UUx out OUxx 

where rj = T]{t, x, u, UxiUxxi ■ ■ ■)i will be called a nonclassical Lie-Backlund symmetry for a partial 
differential equation 

Ut = F{x,U,UxiUxxi---)i 

if 

X{ut-F)L^p =0. (3) 
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The equation (jH)) is the determining equation for nonclassical Lie-Backlund symmetries. This 
definition is well known and can be found in the paper by Zhdanov [7\. 

Theory of approximate point symmetries was developed by Baikov, Gazizov, Ibragimov in ^ 
I13j . They proposed to consider point symmetries in the form of formal power series 

1 n 

X = X + eX + --- + e'^X + ■■■ . 
Now we introduce approximate nonclassical Lie-Backlund symmetries. 
Definition 3. An operator 

k k 

where ry = rj{t, x, m, Ux,Uxx, ■ ■ ■), k = 1,2, . . . ,n will be called an approximate nonclassical Lie- 
Backlund symmetry (in the nth order order of precision) for an evolution partial differential 
equation with a small parameter: 

ut = F{t,x,u,Ux,Uxx,---) +eG{t,x,u,Ux,Uxx,---) + o{e) 
if 

X{ut-F-eG),^^^ + ,a =o{e''). (5) 

n 

The equation Q is the determining equation for approximate nonclassical Lie-Backlund 
symmetries. 

Recall that, by definition, the equality a{z, e) = o(e^) is equivalent to the following condition: 

lim ^^^ = 0. 

e->0 eP 

Here p is called the order of precision. 

We will use the following theorem on stability of symmetries of the transport equation ^. 

Theorem 1 (Baikov, Gazizov, Ibragimov). Any canonical Lie-Backlund symmetry 

^ = ^a^ + (^^^) d^x + (""'V ^ 

of the equation 

Ut = h{u)ux, (6) 

gives rise to an approximate symmetry of the form @ of the equation 

Ut = h{u)ux + eH{t, X, u, Ux,Uxx, ■ ■ •) (7) 

with an arbitrary order of precision in e. 

In other words, the equation ((TJ approximately inherits all the symmetries of the equation ^. 
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3 Approximate conditionally invariant solutions 

Now we introduce the definition of approximate conditionally invariant solutions: 
Definition 4. An approximate solution of an equation 

ut = F{t,x,u,Ux,Uxx,---) +eG{t,x,u,Ux,Uxx,---) + o{e) 
written in the form of a formal power series 



oo 

u =y e'u 

=0 



E^^^ 



is called conditionally invariant under an approximate nonclassical symmetry X (in the nth 
order order of precision) , given by formula (jlj) , if 



oo 



j=0 \i=0 / 

As an example, we consider approximate nonclassical symmetries of the KdV equation 

Ut — UUx — SUxxx = 0. (8) 

Take the exact nonclassical Lie-Backlund symmetry of the transport equation: 



5. 3 , 



X = r?-- H , 7] = Uxx- 



It is easy to check that this is not a classical Lie-Backlund symmetry. 

The corresponding approximate nonclassical Lie-Backlund symmetry of the approximate 
KdV equation Q is written in the form 

+ (l?...(U4))^^. (9) 

From the determining equation ^ for X, it follows that 
. _ 

£ . Tj — Uxxi 



d 1 1 d 1 2^1^ d I 

— ■q - UxT] - Ut^-V + Ux-^ V + ^UxUxxT: V 

it ox OUx OUxx 

+ \oUrji.rf. -\- ^UxUxxx) "^ ^ H~ y^^'^xx'^xxx \ ^'Ux'^xxxx) ~K V 

dU:, 



e^ ■■ -^J] - UxT] - u^—r] + ul-^i] + SuxUxxir^V 

Ot ox OUx OUxx 

d 1 d 

n V ' y^^^xx^xxx ~r iyUxUxxxxj 7^ 

OUxxx C/'^xxxx 

d 1 

+ yiOU^^^ + i-OUxx'^xxxx + ^'^x'^xxxxxj 'K V Uxxxxx ^ U. x'-'J) 



Whence we get 



1 / Uxt + i Uxx "UxUxxX OUxX Uxxxx'^x ^'^^X^XX^XXX ' ^'^^X3 

7] = —F\ U,X + ut, 



' 3 ' 5 ' 7 

LLx Lirp ijiqi (Jl,-wt 



lOoU^^ — UxxxxxU^ — WbU^^UxUxxx + '-^UxxUxxxxU^ + Wu^U^^ 



"x 
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-L Uxxxxx 2^xxx '^Uxx'^xxxx i UxX Uxxx '^ '^xx 

4 Ux u^x 4 u% 4 m;^ ' 

where F is an arbitrary function. 

Note that the order of r/ equals the sum of the orders of r] and the perturbation G minus 
one. Here we consider an approximate conditionally invariant solution of the KdV equation © 
in the form: 

u = vP -\- eu^ + o{e). 

Conditional invariance under an approximate nonclassical symmetry @ in the first order of 
precision is written as 

ri{u^ + eu^) +eri{u^ + eu^) =o{e). (11) 

To compute an approximately invariant solution in the zero order of precision, we use the 
following reduction theorem [7j. 

Theorem 2. Suppose that an equation 

Ut = F{t,X,U,Ux,Uxx,---,UN), "^ = qHv 

is conditionally invariant under a Lie-Bdcklund operator @. Let 

u = /(i,x,Ci,C2,...,C7v) 
he a general solution of the equation r]{t, x,u,Ui, . . . , uj\f) = 0. Then the Ansatz 

U = f{t,X,ipi{t),ip2{t),... ,(/77v(i)), 

where (Pj{t), j = 1,2, ... ,N, are arbitrary smooth functions, reduces the partial differential 
equation ut = F to a system of N ordinary differential equations for the functions (pj (t) , j = 
1,2,. ..,N. 

There is a nice consequence of this theorem. 

Corollary 1. Suppose an equation 

Ut = F{t,x,u,Ux,Uxx,---) +eG{t,x,u,Ux,Uxx,---) + o{e) 
admits an approximate Lie-Bdcklund operator X, given by the formula @ with n = 1. Let 

U = f{t,X,Ci,C2,...,CN), u = g{t,X,Ci,...,CN+M) 

be a general solution of the equation 

/O Ix /O Ix , . 

[7] + er]) [u + eu) = o{e). 
Then the Ansatz 

U = f{t,X,ipi{t),ip2{t),... ,ipN{t)) 

+ £9{t, X, iflit), ip2{t),..., ipN{t),'>pl{t),Tp2{t), ..., l/jMit)), 

reduces the equation ut = F+eG into a system of N+M ordinary differential equations for (pj{t) , 
j = l,2,...,N, and^t), k = l,2,...,M. 
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Example 1 . Take a nonclassical symmetry (v = v) of the transport equation 

ut = uux, (12) 

where 

_ 

Applying the operator Q to the equation ((T^ in the zero order of precision, we have rj{u^) = 0, 



whence we get u^ = Ax + B. 

By Reduction Theorem, we substitute 

u^ = A{t)x + B{t) 
to the transport equation (fT^ and get 

A = A"^, B = AB. 
A general solution has the form: 



t + a' t + a' 

where a, b are constants. 
Thus we get 

b-x 

u — 



t + a 



Take 77 as in (|l()j) with 
F{u)=p e". 
where p is a constant. From (jllj) it follows that 

ut.„ 6*+" = 

t + a 

and 

u^ = p{t + a)e «+^ +Cx + D. 
Take the approximate solution 

u = ^—^ + e fpf^ft + a)e^ + C(t)x + Dit) 
t + a V 

and substitute it into the KdV equation 0. We get three first order ODE for C{t)^ D{t), p{t): 

■ 2C . bC-D . -2p 
C = , D = , p= . 

t+a t+a t+a 

A general solution of the system can be written as 

^V') = TTT, — ^' ^W = TT-, — ^ ' pi*) 



6(t + a)2' ^^ (t + a)2 ' ^^ ^ (t + o)2 

where ci, C2, C3 are constants. 

Finally, we get the following solution of the KdV equation in the first order of precision: 

b — X ( c\ izii C3X C2t + C2a + C3 

u = h e — — 6*+" + -— -77 + 



t + a \t + a b{t + aY {t + a)"' 
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We use the following proposition to construct nonclassical symmetries. 

Proposition 1. Let 

d 
X = r]—-\ , rj = r]{t,x,u,Ux,Uxx,---), 

be a classical Lie-Bdcklund symmetry for a first order PDE 

F{t,x,u,Ux,ut) = 0. (13) 

For any function f = f{t, x, u, Ux,Uxx, ■ ■ ■), ths operator 

V * d * 

= ^^ "^ ' v = fv, 

is a nonclassical Lie-Bdcklund symmetry for H13|) . 

Example 2. Now we consider an example of finding symmetries of the KdV equation with 
a small parameter dSJ and construct its approximate solution. We have a classical Lie-Backlund 
symmetry 

of the transport equation (fT^ . where 



/ Uxt + i Uxx UxUxxx 'JU 

rj = Ux*^ I u,x + ut 



XX "'X"'XXX '-'"'XX 

O -1.0 



V Ux U^ U^ 

By Proposition Q t] = UxUxxx — 'iu'^x is a nonclassical Lie-Backlund symmetry of the transport 
equation (fT^ . Now we take operator @. Applying the operator X to the equation Q, we get 
the following equations in the zero and first orders of precision in e: 

£ . rj Ux^XXX "^^XX5 

£ : —r] - UxV - u—-r] + u^- — r? + ?,UxUxxi^ V + K^u^^ + 'i:UxUxxx)i^ V 

Ot ox dUx OUxx OUxxx 

~r {i-^Uxx^xxx ~r OUxUxxxxjT^ V ~r x^^^xxx ~r ^'^^xx'^xxxx ~r '^UxUxxxxxJ'K ^ 

ty ^xxxx xxxxx 

d 1 

~r yOUUxxxUxxxx ~r ^i-Uxx'^xxxxx + ''^xUxxx)'^ V ~r '-^UxxxUxxxx 






I O f-iiQ^Q^ '^XXXXX ^x ^xxxxxx — ^* 

From the last equation, we find 



1 ^ / , Uxt -\- i "Uxx UxUxxx "J^xx -'-"^xx ~r UxxxxU^ -LUlixx^i^x 

"' ^' ^ ' 7 



7] = —F\ u,x + ut, 



^ Ux U-i^ ^ 

iUDli^.j. UxxxxxU-x i-^'^U^^UxUxxx ~t~ ^'^UxxUxxxxU^ + iUUj.'Uj.^^ 

'^x ' 

y40'U^^ iZoyJU^xUxUxxx + -^"UU^x^x^xxx ~r '^'-^U^^UxxxxUx ^^UxxUxxxxxU^ 

'J'^U^UxxxUxxxx ~T~ UxxxxxxU^ \ i / io i( _ 

H J^ I Ux + ""^xxxxxx ~r I 'T'tUxxUxxxxx TtUxxxUxxxx ] U,j. 
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where F is an arbitrary function. The invariance condition of a solution 

1 

u = u + £U + ■ ■ ■ 

in the first order of precision is written as 

[t] + erj) [u + eu) = o(e). (14) 

If we substitute r/, r/ to the equation (|14)1. we obtain in the zero and first orders of precision by e 
equations for u and n: 

6° : ?(S) = 0, 
1 1 1 p} ^ ^/'°^ _ n 



We find 

u = iVf^ + t-x -2t-l 
and substitute it in the second equation: 



1 oi 1 

^xxx 'JUx , „ l^xx , /,2 , . \— 11/2 



Vt2 + t - X 4(t2 + t - rE)5/2 (t2 + i_3.)3/2 



+ c(i' + i-2;)-^^/" = 0, (15) 



where c is a constant, depending on the choice of F. The equation (|15() is an ordinary differential 
equation and has the following solution: 



u = „... . . + Fi{t) + .^^^' + F3{t)Vt^ + t-x. 



1 2c_ 

15(t2 + t-x)2 ' ^'^"^ ' Vt^:^_a; 



If we substitute u = u + en in (jH)) we obtain a system of ordinary differential equations for 
finding Fi(t),F2(t),F3(t): 

Fi = -2F3, F2 = -Fi, F3 = 0, 
which has the solution: 

Fi = -2At + B, Fa = At'^ -Bt + C, F3 = A, 
where A, B, C are arbitrary constants, c = j. Finally, we find the solution of (jH)): 



u = 2\/t2 + t-x- 2t - 1 

/I/ 2 n2 / . „x At'^-Bt + C , ri: \ 

+ e -it^ + t-xf + {-2At + B)+ + AVt2 + t-x), 

V4 V i + 1 — X / 

where A, B, C are arbitrary constants. 

Example 3. Now we consider an example of finding of symmetries of the nonintegrable equation 
ut = uux + ul^^ (16) 
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and construct its approximate solution. Using the criteria of integrability, it can be checked that 
the equation (|16|) is nonintegrable [TT| . 

As in Example ^ take a nonclassical Lie-Backlund symmetry of the transport equation H12j) 

with T] = UxUxxx — "iUxx- Applying the operator, given by ©, to the equation ifTB|l we get in the 
zero and first orders of precision by e: 

£ . Tj — UxUxxx "J^xa;' 

e : —1] - UxV - u^-r] + u^- — r] + SuxUxxt, r] + i^Uxx + '^UxUxxx) ^ V 

Ot ox OUx OUxx OUxxx 

(J A (v 1 

~r y^^'^xx'^xxx \ '^'^x'^xxxx)'^ ^ ~r \^^'^xxx "•" ^^^xx'^xxxx ~r ^'^x'^xxxxx ) ~^ V 

^ ^xxxx ^ ^xxxxx 

d 1 

~r y^^Uxxx'^xxxx ~r ^^Uxx'^xxxxx ~r tUx'^xxx)'^ V 

C/ ^xxxxxx 

I ^ ^XXX \ -^^ ^XXX XXXX I XX XXXXX X xxxxxx } — * 

From the last equation, we find 



1 ^ / ^ Uxt + i Uxx UxUxxx '^^xx ^^xx ' ^xxxxUx ^^UxxUxUx 



■q = —F\ u,x + ut, 



Ux Ux Ux U^ 



iUoUxx UxxxxxUx i-^'iUxxUxUxxx ~t~ ^'^UxxUxxxxUx + ^^UxUxxx 

Q ' 

"'XXX 

945?X^^ - 1260ul^UxUxxx + 280UxxUlul^^ + 2Wul^UxxxxUl - 21UxxU: 



xxxxxUx 



4^ 



obUxUxxxUxxxx \ UxxxxxxUrp 



~r 21 jUx + ^UxxxUxxxxxx 

U^ j 



0-L O 2 "^^ 2 

UxxxUxxUxxxxx "ZTtU^^Uxxxxxx ZtU^^^Uxxxx I U^ 



- r- --XXX '-''XX '^XXXXX - ,- '^XX '^XXXXXX -, -. '^XXX '^XXXX I ""a; 

55 55 11 

'32 2 113 3 18 3 

+ ( TT^xx'^xxxUxxxx H l^^UxxUxxx ' '^UxxUxxxxx j Ux 

695 3 , 150^, ^^ \ ^_3 , 405^, ^, ^ . 81 , ^^_, 



+ 1 -.Ao^xx'^xxx -.An^xx'^xxxxjU^ '^ -.Ao^xx'^xxx'^x -iAo^Xx'^X ■ 

where F is an arbitrary function. Now we find an approximate solution of the equation Q in 
the form u = u + £u + 0(e) . The invariance condition in the first order of precision is written as: 

(ji + e^) {u + eu) =o(e). (17) 

If we substitute rj, rj to the equation H17|) . we obtain in the zero and first orders by e equations 
for u and u: 

e^ : v{u) = 0, 
1 1 1 c^ ° i/'0\ _ n 

£ . UxUxxx ~T~ UxUxxx ^UxxUxx i Vy^j — '-'• 

From the first equation, we get 
u = 2\/t'^ + t-x -2t-l, 



10 S. Kordyukova 

and, substituting this expression into the second equation, we obtain 



Vt2 + t - X 4(t2 + t - rE)5/2 (f2 + i_^)3/2 

where c is a constant depending on the choice of F. The equation 1)18^ is an ordinary differential 
equation and has the following solution: 

1 c , r, ,_9/2 , „, „, At'^-Bt + C 



„ = J- ((2 + t _ ^y"" + (_2ylt + B) + '"■ °'^^ + A-JC + t-x. (19) 



If we substitute u = u + eu in the equation (|16|) we obtain the system of ordinary differential 
equations for finding Fi{t), F2{t), -F3(t) : 

Fi = — 2F3, F2 = —Fi, F3 = 0, 

which has the solution: 

Fi = -2At + B, F2 = At'^ -Bt + C, F3 = A. 
Therefore, the solution u has the form: 



u = 2\/t2 + t-x - 2t - 1 

/405 , , ,-9/2 , , , At^-Bt + C , r^ \ 

+ e{—r(t^ + t-x) ^^ + {-2At + B)+ ,^ + AVt2 + i_a; ^ 

\ o4 y ^2 _|_ ^ _ 2; J 

where A, B, C are arbitrary constants. 

Remark 1. One can show that the approximate symmetries constructed in the above examples 
remain stable in any higher order of precision. However, we do not know whether any non- 
classical symmetry of an evolution partial differential equation with a small parameter is stable 
in any order of precision. 

4 Conclusion 

The methods developed in this paper can be applied to larger classes of partial differential 
equations with a small parameter, not only to the evolution ones. For instance, in the paper ^5] 
it is shown that classical approximate Lie-Backlund symmetries of the Boussinesq equation with 
a small parameter can be constructed, starting from the exact Lie-Backlund symmetries of the 
linear wave equation. It is quite possible that these results can be extended to non-classical 
approximate symmetries of the Boussinesq equation. 

From the other side, one should note that stability property of approximate classical symme- 
tries holds only for a very restricted class of partial differential equations with a small parameter, 
mainly, for those, which have very nice symmetry properties in the zero order of precision. The 
class of non-classical symmetries is much larger than the class of classical symmetries. Therefore, 
one can hardly expect to have some general theorems on stability of non-classical symmetries. 
This means that we will have to investigate separately stability properties of non-classical sym- 
metries in each particular case. 

All the computations have been made with the help of Maple. 
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